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Let D be a positive integer with 2 I D, and let p be an odd prime with p 1 D. 
Further let N(D, p) denote the number of positive integer solutions (x. n) of the 
equation x2 - D = 4~“. In this paper we prove the following results: (i) I f  D is of 
type I, that is, D = p*‘“l + p*“l - 2p m~+m~-2pm~-2pm’+1,m,,m~E~,m2>m,, 
then N(D, p)G 5, otherwise N(D, p),<4. (ii) When max(D, pzo)3 1060 for a 
suitable Zao N, if D is of type I or type II where D = (p4”- 14~~~ + 1)/4, p = 3, 
m E N, then N(D, p) 6 4, otherwise N(D, p) < 3. 0 1992 Academic Press, 1~. 
1. INTRODUCTION 
Let Z, N, Q be the sets of integers, positive integers, and rational num- 
bers, respectively. Let DE N be odd, and let p be an odd prime with p 1 D. 
We denote the number of solutions (x, n) of the equation 
x2-D=4pn, x>O,n>O (1) 
by N(D, p).’ Equation (1) is related to some coding problems. In this 
respect, Bremner, Calderbank, Hanlon, Morton, and Wolfskill [3] proved 
that N( 13, 3) = 3. Furthermore, Calderbank [4] conjectured that if 
D = 1 + 4p”, m E N, and (D, p) # (13, 3), then Eq. (1) has only one solution 
(x, n) = (2~” + 1,2m) with m 1 n, which was proved by Tzanakis and 
Wolfskill [lo]. Moreover, Tzanakis and Wolfskill [lo] proved that if 
D= 1 +4p2*, m E N, then Eq. (1) has no solution (x, n) with mln and 
2m 1 n. Recently, the author [7] proved- that if D = 1 + 4p’“, r > 2, r, m E N, 
then Eq. (1) has no solution (x, n) with m 1 n, n > rm, and (r, n/m) = 1. To 
sum up, we obtain: 
LEMMA 1. Excepting the case that N( 13,3) = 3, N( 1 + 4p”, p) = 1 for 
any rnE N. 
’ Throughout this paper, “solution” and “positive solution” are the abbreviations for 
“integer solution” and “positive integer solution,” respectively. 
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Next, we note that if D is of type 
D = $m2 + p2ml - Q”2 + ml - &,“Z - ‘3,“” + 1, m,, m2 l N, m, > m, (1) 
or 
(11) 
then Eq. (1) has at least three solutions 
(~,~)=(p~~-~“~-1,m,),(p”~-p~~+1,~~),(p~~+p~’-1,m~+m,) 
(2) 
or 
(X,n)=(?$,l),(~,2m),(7.3~-1,4m+l). (3) 
This implies that there exist infinitely many of (D, p) for which 
N(D, p) 2 3. In this paper we shall discuss the upper bound of N(D, p) for 
general (D, p). 
Clearly, if Eq. (1) has solutions, then D = 5 (mod 8). Below we may 
assume that D is a non-square. Furthermore, if (x, n) is a solution of 
Eq. (1 ), then (x, 1, n) is a solution of the equation 
X2-DY2=4pz, gcd(X, Y) = 1,Z > 0. (4) 
For this equation, we now introduce the following three lemmas whose 
proofs have been given in the next section. 
LEMMA 2. Zf the equation 
U2-DV2=4, gcd( U, V) = 1 (5) 
has no solution (U, V) and Eq. (4) has solutions, then Eq. (4) has a unique 
positive solution (X,, Y,, Z,) such that 
ZldZ, 1(x’+ &Jo 
x1 - y, fi 
< (ul + 01 Jo,‘, (6) 
where Z runs over all solutions of Eq. (4), u, + v, fi is the fundamental 
solution of the equation 
u2 - Du2 = 1. (7) 
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Moreover, every solution (X, Y, Z) of Eq. (4) can be expressed as 
Z=Z,t, 
x+ Yfi = x1+wfi ’ 
2 ( 2 ) 
(u+vfi), AE (411, 
where t E N with 3 j t, (u, v) is a solution of Eq. (7). 
LEMMA 3. If Eqs. (4) and (5) have solutions at the same time, then every 
solution (X, Y, Z) of Eq. (4) can be expressed as 
z=z’, x+ Y@=(X’+ r’&(u+ v&q, 
where (X’, Y’, Z’) is a solution of the equation 
X’* - D Y’* = pz, gcd(X’, Y’) = 1, Z’ > 0, (8) 
(U, V) is a solution of Eq. (5). 
LEMMA 4. Zf Eq. (8) has solutions, then it has a unique positive solution 
(Xi, Y;, Z;) such that 
ZiG.27, l<x;+Y;fi 
x; - r; J5 
< (u1+ 01 fi,*, 
where Z’ runs over all solutions of Eq. (8), u, + v1 fi is the fundamental 
solution of Eq. (7). Moreover, every solution (X’, Y’, Z’) of Eq. (8) can be 
expressed as 
Z’=Zit, x~+Y~~=(X;+~Y;~)‘(u+v~),1E{-l,l}, 
where t E N, (u, v) is a solution of Eq. (7). 
Let 
z,= Zl, 
if Eq. (5) has no solution, 
z;, otherwise. 
In this paper we prove the following theorem. 
THEOREM. For any D, p, 
zf D is of type I, 
otherwise. 
Moreover, if max(D, pzo) 2 106’, then 
if D is of type I or II, 
otherwise. 
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2. AUXILIARY LEMMAS 
The proof of Lemma 4 is given in [2, Lemma 41. By a similar argument 
we can prove Lemma 2, without difficulty. Moreover, if (X, Y, Z) and 
(U, V) are solutions of Eqs. (4) and (5), respectively, then we have 
Since 2jDXYUV, (XV+ SDYV)/4 and (XV+ SYU)/4 are coprime integers 
for a suitable 6. Thus, Lemma 3 is obtained. 
LEMMA 5 [8, Theorem 8.71. Let ( U1 + V, ,/5)/Z be the fundamental 
solution of Eq. (5). Then every solution (U, V) of Eq. (5) can be expressed as 
u-l- VJO = 
( 
u, + v, fi s 
2 > 2 ’ 
SET?, 3js. 
Moreover, (( U1 + V, fi)/2)3 = u1 + v1 fi is the fundamental solution of 
Eq. (7). 
LEMMA 6 [6, Theorem 10.8.21. Let ke N with k < fi. Zf A, BE N with 
A2-DB’=k, gcd(A, B) = 1, 
then A/B is a continued fraction convergent of fi. 
Let CI be an algebraic number of degree r with conjugates crld, . . . . G,U and 
minimal polynomial 
a,x’+a,x’-‘+ ... + a, = a, lj (x - cricl) E Z[x], a0 > 0, 
i=l 
and let 
log a, + i log max(1, laia]) . 
i=l > 
LEMMA 7 [9, Corollary 1.11. Let u, , u2 be nonzero algebraic numbers of 
degrees r 1, r2, respectively, and let 
Aj = max 1, h(uj) + log 2, 
2e [log uji 
> r ’ 
j= 1,2, 
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where r is the degree of Q(u, , a*). Zf b, log a, # pz log a2 for some 
PI, P2 E N, then 
where B = max(S1, f12). 
3. PRELIMINARIES TO EQ. (1) 
LEMMA 8. Let 
- - 
and let E, p be the conjugates of E, p, respectively. Suppose D # 1 + 4p”, 
m + N. Zf (x, n) is a solution of Eq. (l), then 
n=Z,t, 
x+&/G 
2 
= E’jjS, w-1, q, (11) 
where s, t E Z satisfy 
gcd(s, t) = 1, if Eq. (5) has no solution, 
otherwise, (12) 
and 3jt while Eq. (5) has no solution. 
Proof: By Lemmas 2, 3, 4, and 5, (11) holds for some s, t E E with t > 0 
and ~20. Further, by [l, Lemma 71 and [Z, Lemma 33, we see that 
gcd(s, t) = 1 for D # 1 + 4~“. 
Suppose 6 = 1 and Eq. (5) has no solution. We have 
(13) 
by (6). It follows that t > S. 
Suppose 6 = -1 and Eq. (5) has no solution. If s 2 t + 1 then, from 
(14) 
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we deduce 
a contradiction. Thus t B s. 
Suppose Eq. (5) has solutions. We see from Lemma 5 that 
ur + ur fi= p3. Hence we obtain (12) by (13) and (14). The lemma is 
proved. 1 
Let 
and let 
x+fi 
A(x, n) = log ~ 
x-J5 
for any solution (x, n) of Eq. (1). 
LEMMA 9. Let s, t be defined s in Lemma 8. Suppose D # 1 + 4p”, m f N. 
If (x, n) is a solution of Eq. (1) with p” 3 80, then sft is a convergent of a. 
Proof By Lemma 8, we have 
S I I A(4 n) a-- =- t t log p*’ 
Further, by [6, Theorem 10.7.61, if s/t is not convergent of a, then 
(15) 
Put Jo = p”/D. Since p* > D and t = logp”/logpzo, we get from (15) that 
logp>log D 
( 
log p=o 
2lo&F-G+ 1)&/X- 1)) 
-1. 
> 
(16) 
Since pzO 2 3, (16) is false for D > 40 and p > 8. Notice that if Eq. (1) has 
solutions then D = 5 (mod 8) and (D/p) = 1, where (D/p) is Legendre’s 
symbol. We have 
D ) 5 ]13121129137 
p=o> 11 17 17 5 7 
(17) 
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forD<40andD#1+4p”.By(17),(16)isfalseforD<40and~~8.The 
lemma is proved. 1 
LEMMA 10. Suppose D # 1 + 4p”, m E N. If (x, n), (x’, n’) are solutions 
of Eq. (1) with p”’ > p” 3 80, then 
K> low2 n ~-- 
ZJ 4x> n) &I 
Proof. We see from [6, Theorem 10.2.41 that if s/t and d/t’ are 
convergents of CI with t’ > t > 0, then 
S 
I I 
1 
“7 ‘t(t+I’j 
Thus, the lemma follows immediately from Lemma 9. 1 
The principle of the proofs of Lemmas 11 and 12 are similar to 
Theorem 1 and Lemma 5 of [2], respectively. We explain the main points 
briefly. 
LEMMA 11. Suppose D # 1 + 4p”, m E N. If (x, n), (x’, n’) are solutions 
of Eq. (1) with n’ > n, then p” < 200D2. 
ProoJ Letm,m,,m,EN besuchthatm=m,+m,and2m,<m,,and 
let G(z), H(z), and E(z) be defined as in [2]. Then we have 
G(z) - fi H(z) = zm+ ‘G( 1) E(z). (18) 
Put z = -4p”/D. From (18) 
where II II p is the p-adic valuation. Put 
BY 12, Lemma 31, t and r] are integers satisfying 
lIkqap~P-n(m+l). (19) 
We now suppose that p” > 2OOD*. By [2, Lemma 11, 
2m2 + 3 151<1.02,2 p ) n(mz + l/2) [?I < (1.0005)m’ 2m’+mpnm’Dm*-ml. (20) 
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Further, by Lemma 10, we have 
1% P2 n’>A(x,-n= 1% P -logp-n 
(J%) z0 (1/(2k+ l))(oixVn’4 Jo 
>1.5,,,,(%)1’2-n~n(l.510gp~~)1’2-l) 3x 
= n 1.5 log 3 log p &(s)‘“-l)>n(6.21ogp$-1). 
Hence, from (17), we obtain n’ 2 14n. 
Choose m, m,, m2 such that nm,<n’<n(m+I) and m/5<m,< 
(m + 4)/5. From 
Ili’x’ - Jill p < p-“‘, A’= +1, 
we get 
1 
It-J’X’SI 
d ~~~-IZ’x’~IIp~max(p-“‘,p~“‘“+“)=p-”’, 
which implies p”‘~ ItI +x’ /qt. Hence, by (20), 
p”’ < 2 15 I < 1 .02.4”2 + 2p”(m* + I”) 
or 
p”’ < TX’ Iv1 < 1.02(1905)“’ 2m+m1+2~nml+n’/2D”2-m,. (21) 
Recall that n’ > 14n and m/5 6 m, < (m + 4)/5. We can then prove that (21) 
is impossible, thus the lemma. 1 
LEMMA 12. Zf (x, n), (x’, n’), (x”, n”) are solutions of Eq. (1) with 
n” > n’ > n, then 
4p”” > max(4p2n’+ 3, p(8/3)n’) 
except in the following cases: 
(i) D is of type I and (x,x’, x”) = (pm’-p”’ - 1, pm*-pm1 + 1, 
p”‘+prnl-1). 
(ii) D is of type II and (x, x’, x”)= ((32”- 7)/2, (32m+ 1)/2, 
(7.32m - 1)/2). 
Proof. Put a = (x’ -x)/2 and b = (x’ + x)/2. Then a, b E N satisfy 
ab = p”’ - p”. (22) 
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Since x”’ = xl2 (mod 4p”‘), we have x” = +x’ (mod 2~“‘) and x” - Ix’ = 
2cp”‘, where A= f 1 and c E N. Then 
c(cp”‘+I(a+b))=p”-‘- 1. (23) 
If a= 1, then x’=x+2 and 
4p”’ = X’S -D=(x+~)~-D=(x~-DD)+~x+~=~P”+~x+~. 
This leads to case (i). 
If c = 1, then x“ = Ax’ + 2~“’ and 
i 
P 
“” - n’ 
x’=qp”e-“‘-p”‘-l)= - p”’ - 1, if n” > 2n’, 
p”’ _ p”” - n’ + 1, if n” < 2n’. 
We see from (23) that D is of type I. Moreover, by Lemma 6, there exists 
at most one solution of Eq. (1) with 4p” < fi, and such a solution (x, n) 
satisfies x= [fi] + 1. Hence, it leads to case (i). 
Suppose a > 1 and c > 1. From (22), 
and from (23), 
(24) 
P 
n”-n’ 
a+b= 
-1 
c 
- cp”’ . 
On combining (25) with (24) we obtain 
It follows that rz” > 2n’, 2[2n’, 2tn” - 2n’, and 
IP 
(n” - 2n’)/2 11 -cl<-. 
C 
18 P (n” - 2n’)/2 + c 
< 0.41, 
Since c 2 2. Put r = n” - 2n’. From (25), 
a+b= p!ep”ll >P”‘. 
C C C 
Since a< 6, we get 
a(a + b) < 2ab = 2(p”’ - p”) (28) 
(25) 
(26) 
(27) 
266 LEMAOHUA 
by (22). Hence, from (27) and (28), 
u < af -P”) ~ WP” - P”) < 2c 
a+b p”‘-1 . 
So we get 
From (23), 
aG2c-1. (29) 
ac2pn’ + la’c + k( p”’ - p”) = a( p”’ + r - 1). (30) 
When I = 1, we get a(ac + A) 3 0 (mod p”) and hence we have either p” 1 a 
orp”lac+A. By (26) and (29), we get a<2c-1 <2&-0.19. Therefore, 
if p” ) a then a = p” = 3. It follows from (30) that c = 2, A = 1, and 
1 + 2. 3”‘-2 = 7.3”‘- ‘, a contradiction. Since UC + Iz. < 2p + 0.64 & + 1, the 
possibility p” 1 UC + I can only occur if n = 1, a = c, and u* + A = p. Then we 
find x’ = a + b = (p”’ - A)/u and hence 
(31) 
Recall that 2j D. From (31), we obtain case (ii). 
When r > 3, we have 
u(uc+A)-cp”-0 (mod p”‘) (32) 
by (30). If u(uc + A) = cp”, then a = c and ac + A= u2 + A= p”. By [S], it is 
impossible for n > 1. Hence, it leads to case (ii). If u(uc + A) # cp”, then 
from (32) we get 
p”’ d lu(ac + A) - cp”( < max(u(uc + A), cp”) < (ac + A) max(a, c) 
< ( 2c2 - c + 1 )( 2c - 1) < 8~~~‘~‘~ 
by (26) and (27). It follows that 4p’> P(*/~)~‘. The lemma is proved. 1 
LEMMA 
of.&- (1) 
Proof. 
13. Suppose D # 1 + 4p”, rniz N. Zf (x, n), (x’, n’) are solutions 
with p” < p”’ c D, then 
log p < 3.2(log D)2. (33) 
By Lemma 8, we have 
n=Z,t, 
x+6fi 
E - 2 = 6 E’jv, { 1, 11, 
n’ = z. t’, 
x’+b’Jz 
= 2 &“jT’, 6’ E { - 1, 1 }, 
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where s, t, s’, t’ E Z satisfy gcd(s, t) = gcd(s’, t’) = 1. Then st’ # s’t and 
logp< Ist’--‘tl logp= tlog 
x’+6’fi-t,logx+6fi 
2 
2 . (34) 
Since D 2 5 and D > p”’ > p”, we have x < x’ < m. On applying this with 
(34), we get 
fi < 4t’ log 1.7 fi < 
4 log p”’ 
- log D516 
log p=o 
< Wlog D) 
3 log 3 
< 3.2(log D)2. 
The lemma is proved. 1 
LEMMA 14. Suppose D 2 1060. If (x, n) is a solution of Eq. (1) with 
4p” > D, then 
; < 376200 log p(log log p)‘. 
0 
Proof: Since 4p” > D, we have 
x+JD 
t1og;-2s1ogp =log- 
x-J5 
2fi” 1 
=-yk;,2k+l 5 *q 
0 
(35) 
by (11). 
Notice that s/E and p satisfy 
E 2 J 0 -=I - _ p E X;+DY; E 2 .E+p=‘=O, if Eq. (5) has no solution, 
- 2(Xi2 + DY;‘) ;+ pz; = 0, otherwise, 
and 
p2-2LQp+ 1 =o, if Eq. (5) has no solution, 
p2-Ulp+1=o, otherwise, 
respectively. Under the definitions as in Lemma 7, 
h(p) =; log p. 
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Put a, =6/E and az = p. Since the degree of Q(a,, az) = Q(fi) is 2, by 
Lemma 7 and (12), 
rlogi-Zslogp 
>exp(-270~24(flog4pzo)(elogp)(7.5+log6f)2). (36) 
A combination of (36) with (35) yields 
log 4 fi + 6600 log 4pzo log ~(7.5 + log 6Q2 > log x > 1 log pzo. (37) 
0 
If n/Z, > 376200 log p(log log p)‘, then from (37), we get 
log4fi 
6600 log pzO log p 
+(I-$)( 
7.5 + log 39600 + log 57 
1% log P 
+1+2wwl%P 2>57 
1% log P > 
(38) 
Since pzO > 3 and p > @, we have 
log4fi<102 log 4 
logp . ’ 
- < 1.26, 
log pzo 
log 1% 1% P < o 33 
log log p . 
for D > 106’. Thus (38) is false. The lemma is proved. 1 
4. PROOF OF THE THEOREM 
By Lemma 1, we may assume that D # 1 + 4p”, m E N. 
ASSERTION 1. If  D is of type I, then N(D, p) < 5. 
Proof Suppose that N(D, p) > 5. Then Eq. (1) has six solutions (xi, n,) 
(i= 1, ,.., 6) with n6 > . . . > n,. 
If n, Zm,, by (2) and Lemma 12, we get 
P m2+m, > a pw3h > p2m2 > pm2+w, 
a contradiction. Hence n 1 = m, . By a similar argument, we can prove that 
(nly n2, n3) = (m,, m2, m2 + ml). On applying Lemma 12 again, we get 
pw, $p@/3h, ~(p2(m2+m1)+3)8/3, 2@)P(16/3)w, 2()()~2. 
It is impossible by Lemma 11. Assertion 1 is proved. 1 
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Using the same method, we can prove the following result: 
ASSERTION 2. Zf D is of type II, then N(D, p) 6 4. 
ASSERTION 3. Zf pzo > D, then 
WA P) G 
3, if p=O>200, 
4 
> otherwise. 
ProoJ: Suppose that N(D, p) > 3. Then Eq. (1) has four solutions 
(xi, ni) (i= 1, . . . . 4) with n4 > . .. >n,. By Lemmas8 and 11, we have 
200D2 > pn, > p3zo > pzoD2. Hence N(D, p) < 3 for pzo 3 200. 
For pzo<200, if Eq. (1) has five solutions (xi, nj) (i= 1, . . . . 5) with 
n,> ... >n,, thenp”3Bp3Z0>D3>25D. By Lemma 10, sincepZo>D35, 
we have 
lois p2 n4 I n3 , loi.% P2 
zo zo n(X,,n,)=log((x,+~)/(x,-J7j)) 
X,l%P3 
=2fix,“=, (1/(2k+ l))(D,x$ 
36x, log D 
73 fi 
,72~ “I2 log D 72 
73fi ‘sP 
=0/2(~3/=o ~ 1) log D. 
On applying (17) with (39), we get n4 > lOZ, and P”~ > D” > 200D2. It is 
impossible by Lemma 11. Assertion 3 is proved. 1 
ASSERTION 4. Zf max(D, pzo) > 106’ and D is not of type I or II, then 
NO, P) < 3. 
ProojI By Assertion 3, it suffices to prove that N(D, p) < 3 for D > pzO. 
We now suppose that N(D, p) > 3 and Eq. (1) has four solutions (xi, ni) 
(i= 1, . . . . 4) with n,> ... >n,. 
If pnZ > D then 
pm > d p@/3M2 ., $#/3 
by Lemma 12. This is impossible for D B 106’ by Lemma 11. Hence, 
p”’ <p”* < D and (33) holds by Lemma 13. On the other hand, by 
Lemma 6, there exists at most one solution (x, n) of Eq. (1) with 
4p” < fi. This implies that 4p”* > fi. Further, by Lemma 12, 
1 
0413 
‘162 . (40) 
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On applying Lemma 10 to (40) we obtain 
n,> logp’ n3 D213 logp n3 
--> 
zo Jf(-x,, n3) zo 108fi ZCI 
=$D”‘logp-2. 
0 
But, by Lemma 14, 
p < 376200 log p(log log p)‘. 
0 
(41) 
(42) 
A combination of (42) with (41) yields 
3762OO(log log p)’ > o”6 - n3 
D1/6 
-----a-- 
log pn’ 
108 Z,logp 108 Z,log3 logp 
DlJ6 log 200D2 
‘108- logp . (43) 
Since p > @, we conclude from (43) that D < 1OM). This is a contradiction 
with the assumption and Assertion 4 is proved. 1 
By a similar argument as in the proof of Assertion 4, we can prove the 
following result without difficulty. 
ASSERTION 5. Zf D > 1060 and D is of type I, then N(D, p) d 4. 
A combination of the above assertions yields the theorem. 
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